Abstract. We determine the universal deformation ring, in the sense of Mazur, of a residual representation " r X G K 3 qv 2 k, where k is a ¢nite ¢eld of characteristic p and K is a local ¢eld of residue characteristic p. As one might hope for, but is not proven in the global case, the deformation ring is a complete intersection, £at over W k, with the exact number of equations given by the dimension of
Introduction
If one is given a representation " r X G K 3 qv 2 k, where K is a global ¢eld, k a ¢nite ¢eld of characteristic p b 2, and G K the absolute Galois group of K, and one tries to investigate deformations of this representation unrami¢ed outside a ¢nite set of places, as in [Maz1] , one ¢nds that under some natural hypothesis, which are that the centraliser of Im " r is precisely the set of homotheties, there is a universal deformation, and that the universal ring is a power series ring over W k, the ring of Witt vectors over k, modulo some relations that often come from the obstructions of the associated local deformation problems " r p X G K p 3 qv 2 k, where p is a ¢nite place of K. For this reason, we shall study here the local case rather thoroughly keeping possible applications to the global case in mind, e.g. Corollary 9.1.
In [Bos2] the problem of ¢nding the universal deformation for " r p^o r a smooth cover of it whose precise de¢nition we shall give in Section 2^was implicitly solved in the case where the image of " r p in qv 2 k contains elements of order prime to p and where the characteristic of the residue ¢eld of K p was different from p. The group theoretic problem involved was to consider a pro-p group with two generators and one relation. Furthermore, in [Bos1, ½8] a special example was treated where the residue characteristic was equal to 3 and the pro-3 group involved was a Demu skin group on four generators. Yet the general problem was not pursued any further.
Here we will reconsider the problem of ¢nding the universal deformation, or a smooth cover of it, in the local case where the relevant pro-p group is an arbitrary Demu skin group. We will mainly focus on the case that the image of " r p in qv 2 k contains an element of order prime to p, and only brie£y discuss in the end the other case where our results are less explicit. The Demu skin group in question is the Galois group of the maximal pro-p Galois extension of F P where F corresponds to the inverse image under " r of the p-Sylow subgroup of Im " r, and where P is a prime in F above p. Further, we assume that
r is the adjoint representation of qv 2 k on M 2 k composed with " r, as otherwise there are no local obstructions, and hence the universal deformation ring is simply a power series ring over W k. We shall solve the problem of ¢nding the universal deformation ring and determining the images of generators under the universal deformation modulo triple commutators completely, see Theorems 2.6 and 6.2. In all cases, the universal ring will be a complete intersection, £at over W k, and of the dimension that one might expect from the estimate given in Proposition 2 of [Maz1].
Next we shall calculate the ordinary locus of the deformation space we consider, see Corollary 7.4. This we apply to generalise [Maz2] to deformations over arbitrary global ¢elds, not just Q, and to more general residual representations, and, following an idea of [Maz3], we shall describe the consequences for the global universal deformation ring in light of recent results by Diamond, Fujiwara, Hida, Taylor and Wiles, as described in the abstract, see Corollary 9.8.
The organisation of the paper is as follows. In Section 2 we will de¢ne the universal deformation problem that we will study here. In the cases we consider, the image of " r will be solvable, and so we will, following [Bos1, ½6, ½9], rewrite the problem in terms of G-equivariant homomorphisms from a pro-p Demu skin group to qv 2 R satisfying some additional constraints, where R is a complete Noetherian local ring with residue ¢eld k. Then we will state a preliminary description of the universal deformation space, and give an outline of the steps necessary to obtain it.
In the next section we shall classify Demu skin groups with groups G of order prime to p acting on them and also morphisms from such groups into general pro-p groups. For the latter it is important to observe that, in a sense, it suf¢ces to consider the relations modulo the third step of the lower q-central series, Proposition 3.8. For a similar result see [Win, Satz 2]. We will also address the natural question
